We prove that any finite set of n-dimensional isolated algebraic singularities can be afforded on a simply connected projective variety.
Introduction
It is a classical question in algebraic geometry to understand the constraints imposed on the singularities that can be afforded on a given class of algebraic varieties. A general result in this direction appeared in [4] . There it was shown that for any algebraic family of algebraic varieties there are isolated singular points which can not be afforded on any variety which is birationally equivalent to any member of this family. Our aim is to prove that any set of isolated algebraic n-dimensional singularities can be afforded on a simply connected projective variety.
More precisely we are going to prove the following result: Theorem A. Let (Y, y) be an isolated singularity. There exists a simply connected projective variety X having a unique singular point x ∈ X such that the singularities (X, x) and (Y, y) are isomorphic.
The variety X we are constructing is of general type and we believe that general type condition is necessary in order to afford arbitrary isolated singularity. We will give an interesting example of the result in [4] . We will describe which sets of rational double points can be afforded on rational surfaces (with the surprising fact that two E 6 can not be afforded).
This paper is also devoted to what we consider to be a useful description of singularities. We describe the germ of a reduced and irreducible analytic space as a finite cover of a polydisc Δ n branched along smooth divisors of Δ n . In particular, this gives a new description for the deformations of isolated singularities and provides with a simple proof of the fact that an irreducible and reduced germ of an analytic surface is algebraic.
Another motivation for theorem A was the work of C. Epstein and G. Henkin on the stability of the embeddability property of a strictly pseudo-convex 3-dimensional CR-structure [EH] . More precisely, C Epstein asked the third author if one can always embed an embeddable strictly pseudo-convex 3-dimensional CR-structure inside a regular variety. The methods used in [EH] view the embeddable CR-manifold M as the boundary of a pseudo-concave surface Y which can be attached to the Stein filling S of M to give a projective variety X = Y M S. The properties of X, and especially the regularity, played an important role in their results.
Analytic Singularities
This section introduces a local description of analytic spaces that we think is very useful to the analysis of a spectrum of problems about singularities. We describe the germ of a reduced and irreducible analytic space as a finite cover of a polydisc Δ n branched along smooth divisors of Δ n . We give then a new description of the deformation space of an isolated singularity. Another application is a simple proof of the algebraicity of isolated surface singularities.
Local Parameterization
The following result is a simple modification of the lemma from [3] which extends Belyi's argument to the case of arbitrary field of characteristic zero. Proof. Consider an arbitrary finite surjective map g : Y → C n . Let D be the ramification divisor of g in C n and let p : C n → C n−1 be a linear projection whose restriction to D is proper and surjective. The projection p is defined by a point x ∈ P n−1 ∞ . To guarantee properness take x outside of the intersection of the closureD ∈ P n with P n−1 ∞ . After a linear change of coordinates, φ : C n → C n , the projection p can be seen as the standard projection onto the last coordinate. Hence, we have a linear parameter z n on all the fibers of p and p(z 1 , ..., z n ) = (z 1 , ..., z n−1 ). By Noether normalization, the ramification divisor D 0 of g 0 = φ • g is given as the set of zeroes of a monic polynomial
and denote by g 1 the composition
The ramification divisor of g 1 is the union of the divisor z n = 0 (corresponding to F 0 (D 0 )) and the divisor
Let F 1 : C n → C n be the branch cover of degree d 1 defined by
and g 2 = F 1 • g 1 . The ramification divisor is the union of two sections of p, F 1 ({z n = 0}) and F 1 (D 1 ) = {z n = 0}, and the divisor D 2 = F 1 (R 1 ) which is defined by a monic polynomial on z n of degree ≤ (d 1 − 1). In conclusion, after i-step we have the map
with ramification divisor consisting of the union of i sections of p and a divisor D i = F i−1 (R i−1 ) which is defined by a monic polynomial on z n of degree ≤ (d − i). Therefore, we obtain the lemma after l ≤ d steps.
Remark 2.2. The proof of lemma 2.1 also works for a pair (X, D), where X is an arbitrary affine variety of dimension n and D is a divisor of X. In this case, the result would be that there is a finite map f : X → C n such that the ramification divisor of f and f (D) are a set sections of a projection p :
The previous result can be reformulated in the category of complex analytic spaces to give local results. One such reformulation is a refinement of the Local Parameterization Theorem.
Proposition 2.3 (Local Parameterization)
. Let x be a point in a complex analytic space X of dimension n and suppose that X is locally irreducible and reduced at x. Then x has neighborhood U ⊂ X with a finite map f :
Proof. The standard Local Parameterization Theorem states that all x ∈ X have a neighborhood U ⊂ X admitting a finite map g : U → Δ n onto a n-polydisc with g(x) = (0, ..., 0). The refinement consists of showing that one can make the ramification divisor of the finite map very well behaved, which provides us with a tool to better understand singularities.
First, we remark that there is nothing to prove if x is not a singular point of X. Let D ⊂ Δ n be the ramification divisor of the previously described finite map g : U → Δ n . We can shrink U and choose a decomposition of the n-polydisc Δ n = Δ n−1 × Δ such that the projection of D onto Δ n−1 is a finite mapping. The proof of the standard LP theorem also gives that D is given by a Weierstrass polynomial
The previous paragraph provides the setup to apply the method used in the previous lemma. We describe one of the steps to make clear the slight modifications. Using the Weierstrass polynomial f 0 (z n ) we construct the map
Use f 1 (z n ) to construct F 1 and do the necessary shrinking of U , as before, and obtain a finite map
Applications
In this section we show how to apply proposition 2.1 to obtain the algebraicity of the germs of normal 2-dimensional complex spaces and give a description of isolated singularities that might prove to be useful for the description of their deformations. The Local Parameterization theorem presented in section 2.1 provides a simple proof of the algebraicity of any germ of an analytic surface. For isolated singularities this is a well known result due to Artin [A2] and later extended to a global result by Lempert [Le] . More precisely, Lempert showed that any reduced Stein space S with boundary ∂S = M a smooth CR-manifold can be embedded in an algebraic variety. On the other hand, recall that in [13] (examples 14.1 and 14.2) Whitney shows that analytic singularities in dimensions n ≥ 3 are, in general, not locally algebraic. Whitney constructs an example of a normal analytic variety V of dimension 3 and with a singular point p ∈ V , such that there exists no algebraic variety that is locally (in an analytic sense) biholomorphic to any open neighboorhood of p in V .
We proceed to show that all the analytic singularities in dimension 2 are locally algebraic. Let p be a point of a complex analytic surface S, and suppose that S is normal at p. 
We want to prove the lemma by induction on N (the number of irreduible components of D). Suppose that f 1 , . . . , f k are polynomials, with k < N. We want to construct a biholomorphism of the form
where g is an analytic function such that Φ(D k+1 ) is algebraic. In fact, by construction it follows that Φ(
In order to reach our aim, we have to choose g such that the analytic function
is indeed a polynomial. By shrinking Δ 2 again, if necessary, we can suppose that
for some M > 0 and φ analytic function such that φ(0) = 0. Therefore we can find a holomorphic function g, satisfying (1), for any polynomial P such that P (
Our claim follows from the lemma. Choose U defined by h −1 (Δ 2 ), where h = Φ • g : 
The above picture of a singularity can be quite useful to determine the structure of the deformation space for many isolated singularities. Let (Y, s) be the germ of a normal n-dimensional singularity corresponding to the pair (
where m is the multiplicity of the irreducible holomorphic function germ g with g
The next short exact sequence holds:
where G is the Galois group of the cover induced by Γ . Consider a deformation
Assume that a surjection r t :
G holds and moreover that r t oj t :
0. This implies that a Galois cover, associated
persists for small t and the induced covering of
is constant along the family. In turn, this implies that an intermediate covering associated with Γ inducing a constant covering of
also persists for small t. The end result is that from a family of divisors 
0 (Δ n \ T ) for all sufficiently small t. The conditions to impose on the S t i to guarantee the constancy of r t oj t :
G will be investigated in future work.
Singularities inside Projective varieties
Any collection of isolated singularities can be afforded in some projective variety (see paragraph below). On the other hand, a collection of singularities, or even one single singularity, does impose global constraints on the type of the variety that possesses it (see the next subsection). The main goal of this section, theorem A, is to show that the property of being simply connected is not one of the properties which is conditioned by the presence of singularities. Along the same lines we would like to conjecture a stronger result:
Conjecture 3.1. Let (Y, y) be the germ of a given isolated singularity. There exists a projective variety X containing Y and with X \ {y} smooth whose resolutionX is simply connected.
The following lemma shows that every finite set of isolated singularities, can be afforded in a unique projective variety.
Lemma 3.2. Let
Γ = {(Y i , y i )} i=1,.
..,k be any collection of germs of algebraic isolated singularities of dimension n. There exists a projective variety Y having Γ as its singular locus.
Proof. Let X i be a variety with only one singular point and the germ of the singularity is equivalent to (Y i , y i ). The lemma follows from induction on k. Let us assume that we constructed a projective variety
..k−1 as its singular locus. Let H n be a general n-codimensional plane in the product variety Y k−1 × X k and let us consider
We can choose H n so that it intersects transversely the singular locus {y i } × X k or Y k−1 × {y k } and avoids the points y i × y k . Therefore Y k is a n-dimensional projective variety whose singularities are isomorphic to the singularities (
In order to have exactly one copy of each singularity, it is enough to resolve the possible extra copies of the singularities (Y i , y i ) i=1...k that might occur.
An example of constraints imposed by singularities
In the introduction we recalled a recent result of Ciliberto and Greco stating that for any algebraic family of algebraic varieties there are isolated singular points which can not be afforded on any variety birational to a member of this family. We proceed to give a concrete example of this result. More precisely, we describe all the sets of rational double points, RDP's, that a rational surface can contain (the same result holds for all surfaces of Kodaira dimension −∞).
Notation.
Let X and Y be analytic normal complex surfaces and f : Y → X be a birational morphism with exceptional set E = E i . The negative definiteness of the intersection matrix (E i , E j ) allow the existence of a unique solution to:
The numbers a i are called the discrepancy of E i with respect to X, discrep(E i , X) = a i . The birational morphism will be called totally discrepant if E = ∅ and the a i > 0, for all i.
It was shown in Sakai [S1] that given a normal surface X, there is a sequence X → X 1 → X 2 → ... → X n of contractions of exceptional curves of the first kind, i.e C 2 < 0 and K X i .C < 0, such that X n has no such curves. X n is then called a minimal model of X and the morphism f : X → X n is totally discrepant. Let X be the minimal model of the normal surface X and f : X → X be the totally discreptant birational morphism. Let π : Y → X and π : Y → X be respectively the minimal resolutions of X and X, So according to Sakai's result Y m must be one of the two cases described above. We will show that both cases are not possible.
Suppose Y m is as in i). The minimal resolution X of Y m is rational and has Suppose Y m is as in ii). The P 1 -fibration of Y m induces a ruled-fibration, π : X → C, of X. The configuration of (-2)-curves coming from the resolution of the E n singularity lies in one of the fibers. The surface resulting from contracting the (-1)-curves in the fibers of π is an Hirzebruch surface F n . But an E n configuration of (-2)-curves can not be obtained by blowing up over a smooth rational curve C with C 2 = 0 and the desired contradiction follows.
Corollary 3.4.
A surface X which is a resolution of a surface Y containing a E n and a D n singularity must have its Kodaira dimension Kod(X) ≥ 0.
Proof. The last theorem states that X is not a rational surface. On the other hand, an E n configuration of negative curves does not lie entirely in the blow up pre-image of a fiber of a ruled surface. This would force one of the (-2)-curves to surject to the base of the ruled surface imposing that X is rational.
Corollary 3.5.
There is a singularity that can not be afforded in a projective surface X with Kod(X) = −∞.
Proof. Let X be a smooth projective surface with a E n and a D m configurations of −2-curves which are disjoint. Let H be an ample divisor on X , blow up X at a sufficiently large number of points on H but not on the configurations E n or D m . We obtain a new surface X with a negative configuration of curves consisting of H (the strict transform of H) plus the curves coming from E n and D m (the negative definiteness is guaranteed by making H 2 << 0). Now contract this negative configuration of curves. By the previous corollary, the singularity that is obtained does not lie in a surface X with Kod(X) = −∞.
Symmetric powers
In this subsection, we show that any germ of an algebraic singularity (X, s) can be realized in a projective variety Y satisfying Y Sing = s and such that its smooth locus has abelian fundamental group. In particular, also Y will have abelian fundamental group. The construction will be based on the topological properties of symmetric powers of algebraic varieties. In fact Y will be a generic complete intersection of S 2 X.
For any CW-complex X we can define an m-th symmetric power S m X as the quotient of the CW-complex X m = X × ... × X by the symmetric group of m-letters S m . Hence S m X is also a CW-complex with a natural morphism s m : X m → S m X. For the sake of the readability of this paper, we recall some key topological properties of symmetric products with a short proof.
Lemma 3.6. Let X be a CW-complex then the induced CW-complex S
m X has the following properties.
Proof.
(1) The fundamental group of S n X is generated by the fundamental group of X. In particular, given the map s n : X n → X n with n > 1, every two elements in π 1 (S n X) can be thought as induced by the first and second factor respectively. Thus, their commutator is trivial in π 1 (S n X).
(2) The cochains of S m X are symmetrizations of the cochains in the product of m copies of X. Thus for i < n symmetric cochains are generated by cochains in the product of ≤ i copies of X multiplied by 0-dimensional cochains. It implies that the i-skeletons of S n X and S m X are isomorphic for i < min(m, n).
If X is an algebraic or projective variety then S m X is respectively an algebraic or projective variety. The variety S m X is singular unless X is a non-singular curve. Let us consider the case where X is an algebraic variety of dimension n with a finite collection of singular points Γ = {s 1 , ..., s k }. Denote U = X reg = X \ X Sing and any of the i-diagonals of U m (the entries of a fixed set of i places of U m are identical) by Δ i . We have the following stratification S of S m X: We are now ready to state the main result of this section: 
Proof. Let Y be a projective variety whose collection of singular points coincide with Γ (lemma 3.2). From lemma 3.6, it follows that the fundamental group of the symmetric product of any algebraic variety is abelian, and therefore we would like to take a generic complete intersection Z in S 
Let U be the smooth locus of Y , i.e. U = Y \ Γ, and let H U = H ∩ (U × U ). By applying Lefshetz theorem on H U . it follows that π 1 (H U ) = π(U × U ) and since the action induced by Z 2 on those groups is the same, we have that if Z U is the quotient of H U by Z 2 , then Z U has the same fundamental group of S 2 U and in particular this is abelian.
On the other hand Z U is also an open set of Z such that its complement is a union of a finite number of point and therefore the fundamental group π 1 (Z) is abelian since surjection π 1 (Z U ) → π 1 (Z) holds.
From the construction of H, it follows easily that the singularities of Z are isolated and decompose into Z Sing = (Z ∩Σ 1 )∪(Z ∩P 1 ). The singularities in Z ∩Σ 1 are equivalent to the isolated singularities of Y and the singularities in Z ∩ P 1 are double points.
Let X be the projective variety obtained from Z by resolving the double points. Then X has abelian fundamental group and its singular locus coincides with Γ, as desired. 
Reducing the abelian fundamental group
We are now ready to prove theorem A. Let S be a given isolated singolarity. By the results in the previous section, we can suppose that there exists a variety X such that X Sing S, and, if U = X \ X Sing , then π 1 (U ) is abelian and the imbedding U → X defines a surjection π 1 (U ) → π 1 (X).
Let us consider the infinite part of the fundamental group of X. If it is trivial, then the group is finite and hence there is a finite nonramified covering of X which is simply connected.
Thus, we can suppose that the Albanese map f : X → A := Alb(X) is not trivial. The torsion subgroup π 1 (X) tors is a direct summand of π 1 (X), and therefore if π 1 (X) F is the complementary subgroup, the induced morphism
is an isomorphism.
For every n > 0, we can consider the iteration map f n : S n X → A, given by f n (x 1 . . . x n ) = f (x i ). Since f (X) generates A, there exists n 0 such that if n ≥ n 0 , then f n is surjective.
Moreover, we have 
